Magnetostatics defines a class of boundary value problems in which the topology of the domain plays a subtle role. For example, representability of a divergence-free field as the curl of a vector potential comes about because of homological considerations. With this in mind, we study gauge-freedom in magnetostatics and its effect on the comparison between magnetic configurations through key quantities such as the magnetic helicity. For this, we apply the Hodge decomposition of k-forms on compact orientable Riemaniann manifolds with smooth boundary, as well as de Rham cohomology, to the representation of magnetic fields through potential 1-forms in toroidal volumes. An advantage of the homological approach is the recovery of classical results without explicit coordinates and assumptions about the fields on the exterior of the domain. In particular, a detailed construction of a minimal gauge and a formal proof of relative helicity formulae are presented.
I. INTRODUCTION

Explicit calculations
1,2 of the magnetic field are often made in terms of the vector potential A(x); the magnetic field is then found by applying the curl operator, i.e. B(x) := ∇ × A. The resulting magnetic field is then automatically divergence-free, ∇ · B = ∇ · (∇ × A) = 0, thereby satisfying one of Maxwell's equations. However the representation of the field by a vector potential is not unique, and this has consequences for key quantities such as the total magnetic helicity. For example, let A 1 and A 2 be two vector potentials for a given magnetic configuration. They describe the same magnetic field precisely when their difference s = A 1 − A 2 is curl-free. Indeed, the part of the vector potential in the kernel of the curl operator is superfluous to the physics. The freedom to pick A among all vector fields that produce the same curl is called gauge freedom. One could decide before performing any calculation on a convention or a gauge, so that when the magnetic fields are the same, the vector potentials would match point-wise. Such a convention is called gauge fixing.
A simpler occurrence of gauge freedom is the representation of a conservative force as the gradient of a potential function V (x), namely F (x) := −∇V . Here similarly, different potentials represent the same force precisely when they differ by some constant. The freedom is minimal in the sense that one has to agree upon just one number. To fix the gauge, one could adopt the convention that all potential functions should vanish at a point of reference, or that the average of all potential functions should vanish, or that the minimum of all potential functions should be zero. The convention affects, for example, the definition of the system's energy, but energy differences can compared in a gauge-invariant way.
Gauge freedom for vector potentials in magnetostatics is more involved than for conservative forces. While the physics (Maxwell equations) is gauge-independent, some important quantities depend on the convention that is chosen and on the domain on which the magnetic fields are represented: a convention that works well in a closed ball may not be appropriate for a solid torus.
Understanding gauge freedom is particularly important for the computation and interpretation of total magnetic helicity, which is the volume integral of the gaugedependent quantity A·B. It is known that total magnetic helicity is related to topological properties of the magnetic field 3, 4 . On a simply-connected orientable threedimensional Riemannian manifold with boundary, total helicity is the asymptotic Hopf invariant of the magnetic field, measuring the average linking of its field-lines 5 . The justification 6, 7 uses the Biot-Savart law to express the vector potential as the integral of the magnetic field over a suitable kernel, and then identifies the magnetic helicity, in the form of a double-integral, as the average Gauss linking number of field-lines. The problems with this are, first, that the identification works if and only if the magnetic field is tangential to the boundary (otherwise the outside field must also be taken into account), and second, that the vector potential resulting from Biot-Savart is always divergence-free, which means that the so-called Coulomb or minimal gauge must be assumed.
Gauge-invariant or relative helicity formulae have been derived for the case where the magnetic field remains tangential to the boundary 6, 8, 9 . The way these formulae are justified is by asserting regularity of the solutions "at infinity", by performing clever book-keeping of the self and mutual helicities of magnetic fields restricted to simplyconnected volumes of space, and finally by approximating the mutual helicity of the vacuum components as a product of fluxes. Based on intuition, the self-helicity of the vacuum field is for example set to zero 7 . The construction does not seem to extend to general boundary conditions on B and less regular fields. These formulae are widely used in the context of helicity injection in fusion plasmas 8 and reconnection processes in solar flare dynamics 10 . This paper explores an approach based on homology to address the representation of magnetic fields via vector potentials, treating this exercise as a boundary value problem on a compact orientable Riemannian manifold. Using tools of differential geometry and algebraic topology from de Rham cohomology 11 and Hodge theory 12 , a justification of the relative helicity formulae is provided.
The paper is organised as follows. Appendix A reviews the general elements of de Rham cohomology and the Hodge decomposition of k-forms on compact manifolds. In section II, we study the cohomology of solid toroidal and hollow toroidal volumes and write explicit generators for the de Rham cohomology groups. In section III, we list the conditions under which the magnetic field can be represented unambiguously by a vector potential, and how to decompose the latter in terms of a physical component and gauge terms. A pair of minimal gauges are proposed, depending on the topology of the toroidal domains (solid or hollow). In section IV, the notion of magnetic helicity is discussed as well as how gauge freedom affects its computation. In the case of perfectly conducting boundary conditions, we show how to define for the two toroidal domains a relative total magnetic helicity, in such as way that its value is gaugeinvariant. This enables the total magnetic helicity of two different magnetic field representations to be compared in a meaningful way.
It is assumed that the reader is somewhat familiar with notions of differential geometry and exterior calculus. It is recommended to read appendix A first to acclimate to the notation. Some readers may skip to section IV, which highlights the practical consequences for the computation of total magnetic helicity.
II. COHOMOLOGY OF TOROIDAL VOLUMES
The results of Hodge theory and de Rahm cohomology, as reviewed in appendix A, are applied to the magnetostatics problem of representing a magnetic field through a vector potential on a toroidal volume, such as in a tokamak, a stellarator or even a knotted configuration, e.g. flux tubes in a reversed-field pinch or in the solar corona.
Let us consider the magnetic field B := (⋆B) ♯ to be the sharp (isomorphism between vector fields and 1-forms induced by the Riemannian metric) of the Hodge dual of a 2-form called the magnetic flux B ∈ W 1 Ω 2 (M ) on M , a compact orientable Riemannian manifold with boundary. Knowing that B is closed, dB = 0 (corresponding to ∇ · B = 0), we would like to know when it is exact, namely if the relation B = dA between the magnetic flux and the potential 1-form A ∈ W 1 Ω 1 (M ) holds. The latter conveys the usual identity between the vector potential A := A ♯ and the magnetic field B = ∇ × A. To make proper use of the Hodge-Friedrichs-Morrey decomposition theorem (HFMD, see section A 3), we first characterise the de Rham cohomology groups, enabling us to identify the spaces of harmonic fields (see Theorem A.1).
The first manifold M = ST ⊂ R 3 under consideration is the image of an embedding in R 3 of the solid torus
is diffeomorphic to a torus. Another manifold of interest is the hollow torus. Let M = HT ⊂ R 3 be the image of an embedding of the Cartesian product of a closed annulus and the unit circle. The closed annulus is treated as the product of an interval and another circle. We thus consider the embedding Φ :
The boundary of HT is the disjoint union of two tori, ∂HT ∼ = T 2 0 ∪ T 2 1 the interior and the exterior. As subdomains of R 3 , ST and HT are given Riemannian metrics corresponding to the first fundamental forms from the Euclidean inner product. It will be assumed throughout the paper that the embedding Φ preserves the orientation of the manifolds, in the sense that the standard volume form dX ∧ dY ∧ dZ ∈ Ω 3 (M ⊂ R 3 ) pulls back to a positive top form on the pre-image. This condition can be relaxed with the price of an extra sign in several formulae here below.
A. Cohomology of the solid torus in R 4
The cohomology of ST is isomorphic to that of D 2 ×S 1 . The unit disk (poloidal) being contractible, the absolute cohomology of ST is isomorphic to that of the unit circle (toroidal). We list
and the rest is trivial H 2 (ST, R) = {0} and
The relative cohomology of ST can be deduced either via the Künneth formula or by invoking Poincaré-Lefschetz duality (see Corollary A.5.1), but the following reasoning provides an intuitive justification. Every point inside ST is homologous to a point on the boundary so that the zeroth relative cohomology group is trivial. Every closed loop can be moved to the boundary (including the generator of the circle's first homology) so that the first relative cohomology group is also trivial. The second relative homology of ST consists of surfaces, for which points on ∂ST are discarded, that are closed (cycles) but do not bound any volume. A poloidal cut, which opens the solid torus into a cylinder, fits exactly this description; the boundary of the poloidal cut lies on the boundary of the solid torus so that this relative chain is closed. The poloidal cut actually generates the solid torus' second homology (all other relative cycles are homologous to multiples of the poloidal cut), hence, the second relative cohomology is one-dimensional. 
) that generates the first cohomology group is, for example,
Indeed, dλ ϕ = 0 and the integral along any curve homologous to C T , is
2 ) = (x 1 , x 2 , 1, 0) be a poloidal cut (closed relative to the boundary, our preferred generator of second relative homology). An explicit representative σ ϑ of the dual basis
) that generates the second relative cohomology group is, e.g.
Indeed, dσ ϑ = 0 and tσ ϑ = 0 and the integral over any surface homologous to S P is
The wedge product of λ ϕ and σ ϑ is a closed Dirichlet 3-form, i.e. d(σ ϑ ∧ λ ϕ ) = 0 and t(σ ϑ ∧ λ ϕ ) = ✟ ✟ tσ ϑ ∧ tλ ϕ = 0. It is thus the representative of a third relative cohomology class. Its integral over the solid torus is computed using the chart V : 2 , cos ϕ, sin ϕ) (our preferred generator of third relative homology). Explicitly,
Hence, σ ϑ ∧ λ ϕ is actually a representative of the dual
) that generates the third relative cohomology group.
B. Cohomology of the hollow torus in R 5
The absolute cohomology of HT is isomorphic to that of the torus
By Poincaré-Lefschetz duality (see Corollary A.5.1), the relative cohomology is
Let
0, cos ϑ, sin ϑ, 1, 0) be a closed poloidal path (our preferred generators of first homology). Explicit representatives of the dual basis for the first absolute cohomology group are, for example,
with the property that CT λ ϕ = 1, CP λ ϑ = 1, CP λ ϕ = 0 and CT λ ϑ = 0. A representative for the dual basis class of the second absolute cohomology group is, for example, the wedge product
with the property that T 2 σ r = 1 where T 2 = {.} × S 1 × S 1 is a torus (our preferred generator of second homology).
, 0, 1, 0) be a radial path. It is closed relative to the boundary, and thus represents a generator of first relative homology. A representative for the dual basis class of the first relative cohomology group is
with the property that CR λ r = 1.
, 0, cos ϕ, sin ϕ) be a toroidal annulus (or ribbon). Representatives for the dual basis classes of the second relative cohomology group are the wedge products
with the property that ST σ ϕ = 1, SP σ ϑ = 1, ST σ ϕ = 0 and SP σ ϑ = 0. The third relative cohomology group is generated by forms cohomologous to the wedge products
with the property that
III. HODGE DECOMPOSITION OF FORMS ON TOROIDAL VOLUMES
From the purely homological observations of section II, we draw a series of consequences on the Hodge decomposition of k-forms on the toroidal volumes ST and HT . We refer here to appendix A.
A. On a solid toroidal volume in R
This corresponds to the usual assertion that a divergence-free magnetic field on a solid toroidal volume can be expressed as the curl of the vector potential.
Proof. This follows immediately from the fact that the second cohomology group
Proof. By Hodge duality, Proposition A.5,
Proposition III.2. On a solid toroidal volume, the space of Neumann harmonic 1-fields Harm 1 N (ST ) is a one-dimensional vector space, spanned by a single field (unit vacuum toroidal field) ν ϕ , defined up to sign by the following properties:
1. closed and co-closed, dν ϕ = 0 and δν ϕ = 0; 2. everywhere tangential to the boundary, nν ϕ = 0;
The unit vacuum toroidal field is a purely geometric object and depends smoothly on the embedding Φ.
The first two properties define any Neumann harmonic 1-field and the third is a normalisation.
Multiples of the unit vacuum toroidal field ν ϕ correspond to the only closed, co-closed and tangential 1-forms that are not exact; they cannot be expressed as the exterior derivative of smooth functions, since (ν ϕ , df ) = 0,
The normalisation of ν ϕ is arbitrary; one could equally well choose ν ϕ to be dual with respect to loop integrals (with the drawback of having to divide by the L 2 -norm in the decomposition formulae below). The first de Rham cohomology group of solid toroidal volumes can now be explicitly written as Remark. The tangential operator commutes with the exterior derivative, so that dtΥ = tdΥ = 0. However, this does not mean that tΥ = 0. In fact,
where the last step follows from the fact that the unit vacuum toroidal field is purely tangential on the boundary. It is thus necessary that tΥ = 0.
Proposition III.3 (Hodge decomposition of 1-forms on a solid torus). All 1-forms A ∈ L
2 Ω 1 (ST ) can be orthogonally decomposed as Proof. The decomposition of 1-forms on ST immediately follows from HFMD and proposition III.2. We note that for smooth functions f ∈ Ω 0 (M ), δf = 0, so that the Laplace-de Rham operator reduces to ∆f := (δd+dδ)f = δdf .
Theorem III.1 (Minimal gauge on a solid torus). Let B = dA = 0 be a closed (and exact) 2-form on ST as in proposition III.1. The potential 1-form A can be chosen uniquely to be minimal in terms of its L 2 -norm by requiring that it be co-closed δA = 0, tangential nA = 0 and whirl-free (A, ν ϕ ) = 0. In this gauge, A carries the minimal amount of physical information about B.
Physical information refers here to the use of the L 2 -norm to quantify the energy of fields, for example magnetic energy by ||B|| 2 L 2 . Proof. By proposition III.3, A = δβ + df D + dh + cν ϕ so that B = dδβ. A necessary and sufficient condition for B = 0 is δβ = 0. By orthogonality of the decomposition, the L 2 -norm squared of A is the sum of positive quantities
The requirement that the potential 1-form A be coclosed translates to the familiar requirement that the vector potential be divergence-free, which is commonly known as the Coulomb gauge. In contrast to the standard setting of R 3 , the two additional requirements are important because the solid toroidal volume is a manifold with boundary (hence the condition on the normal component) and its homology is non-trivial (hence the condition on the toroidal vacuum component).
The Coulomb gauge (divergence-free vector potential) is rarely adopted in the context of toroidal magnetic confinement fusion and, to the authors' best knowledge, the tangential and whirl-free condition have never been applied. The minimal gauge, despite its mathematical attractiveness, has thus never been exploited. From a computational perspective, this implies that most vector potentials carry a significant fraction of physically irrelevant information. One would hope that computational effort is not wasted on those components.
Proposition III.4. The integral of any closed 1-form, s ∈ W 1 Ω 1 (ST ) such that ds = 0, over any closed path is
where L T = 0 ∈ R is a fixed coefficient that depends smoothly on the embedding Φ (normalisation of ν ϕ ).
Proof. The closed 1-form s is cohomologous to cν ϕ with c = (s, ν ϕ ). Thus,
The closed path Γ is homologous to integer copies of
is closed and is thus cohomologous to L T λ ϕ , with L T ∈ R computed by the loop integral
Because ν ϕ is unique (up to a sign), the factor L T depends only on the embedding.
where Ψ T = 0 ∈ R is a fixed signed coefficient that depends smoothly on the embedding (through the normalisation of ν ϕ ). ⋆ν ϕ since the poloidal cut Σ P is homologous to Φ(S P ). On
Because ⋆ν ϕ is unique (up to a sign), the factor Ψ T depends only on the embedding.
where
Proof. The underlying reason is that the exterior product of closed differential forms induces the cup product in de Rham cohomology, so that
The pullback of their wedge product belongs to the same class as [Φ
where the last step follows from equation (5) . One subtle point in the first step, where ST is replaced by Φ(D 2 ×S 1 ) for the purpose of integration over the whole volume, is that the embedding must preserve the orientation of the manifold with respect to the standard volume form
, otherwise an extra minus sign must be included in the formula.
The beauty here (and power of the homological approach) is that the result neither depends on the explicit representative forms λ ϕ and σ ϑ , nor on the specific choice of embedding Φ (up to a minus sign if the manifold's orientation is reversed). It means that the factorisation s ∧ B = s B occurs no matter the local coordinates used to represent the fields, which is particularly useful for numerical applications, either as a method of verifying the consistency and accuracy of the solver, or as a method of by-passing costly volume integrals. We warn that an exact match between s ∧ B = s B is sensitive to round-off error, such that the order of numerical operations may matter in the intricate balance of volume integrals via quadrature rules.
Corollary III.5.1. The product of coefficients L T and Ψ T is unity
Proof. Applying the result of Theorem III.2 to the unit vacuum toroidal field, we have
B. The illustrative example of an axisymmetric embedding
To illustrate the results of the previous section, we consider the special case of an axisymmetric solid toroidal volume, such as the standard tokamak configuration. The adjective axisymmetric means that the embedding maps the disk independently from the circle and takes the form Φ axi :
, with the requirement that R min > 0.
Locally, one can define the toroidal angle ϕ(X, Y, Z), such that X = R cos ϕ and Y = R sin ϕ. Its value coincides with the local angle ϕ on S 1 , such that x 3 = cos ϕ and x 4 = sin ϕ. The toroidal angle is not a smooth function on ST axi ⊂ R
3 , yet it is common to denote "dϕ"
, a (global) 1-form on ST axi , as its local exterior derivative. The pullback is a multiple of the representative defined in equation (3) of the first cohomology generating class, Φ * axi ("dϕ") = 2πλ ϕ . Hence, "dϕ" is closed but deceivingly not exact since
In addition, it can be verified that "dϕ" is co-closed with respect to the Euclidean metric, δ"dϕ" = 0, and tangential to the boundary of ST axi , n"dϕ" = 0 (specific to axisymmetric embeddings Φ axi ). These properties actually make the 1-form "dϕ" a Neumann harmonic field, "dϕ" ∈ Harm 1 N (ST axi ). The unit vacuum toroidal field on ST axi is then simply ν ϕ = "dϕ"/||"dϕ"|| L 2 where
with Σ P being a poloidal cut of the torus. If the latter domain is simply a rectangle
When expressing the vector potential 1-form in socalled covariant components with respect to cylindrical coordinates, A = A R dR+A Z dZ +A ϕ "dϕ", the whirl-free condition from the minimal gauge Theorem III.1 reads
For general embeddings Φ, computing the unit toroidal vacuum field is not trivial (although it can be cast as the solution to a variational problem). The following proposition provides a recipe when Φ is not "substantially different" from axisymmetric.
Proposition III.6. If ST is isotopic to ST axi and there exists an isometry I such that ST ∩I({(0, 0, Z) ∈ R 3 }) = ∅, the unit toroidal vacuum field can be expressed as
Proof. With ST ∩ I({(0, 0, Z) ∈ R 3 }) = ∅, "dϕ" is a well-defined 1-form on ST . It is closed and co-closed with respect to the Euclidean metric, because I preserves the Hodge star. Hence, "dϕ" ∈ Harm 1 (ST ) and, by virtue of HD, can be decomposed as "dϕ" = dh + cν ϕ where h ∈ W 1 C ∞ (ST ) is a harmonic function ∆h = 0, ν ϕ ∈ Harm 1 N (ST ) is the unit vacuum toroidal field and c = ("dϕ", ν ϕ ). Since nν ϕ = 0, the harmonic function h must compensate the normal component of "dϕ" on the boundary, ndh = −n"dϕ". This provides sufficient boundary conditions to uniquely determine h (up to a constant). The isotopy ensures through the invariance of 2π = Φ(CT ) "dϕ" = cL T that c = 0 and thus ||"dϕ" − dh|| L 2 > 0.
C. Hodge decomposition on a hollow toroidal volume in R 3
Arguing similarly as for the Hodge decomposition of kforms on solid toroidal volumes, we obtain the following on a hollow torus.
1 Ω 2 (HT ), dB = 0, on a hollow torus can be expressed as 
where Ψ R = 0 ∈ R is a fixed coefficient that depends smoothly on the embedding (through the normalisation of ν ρ ).
Proof. The closed 2-form B is cohomologous to cν ρ where c = (B,ν ρ ).
The pullback of the unit vacuum radial flux is closed and is thus cohomologous to Ψ R σ r , with Ψ R ∈ R computed by
Becauseν ρ is unique (up to a sign), the factor Ψ R depends only on the embedding. Proposition III.7 shows that a divergence-free vector field on a hollow toroidal volume is not necessarily the curl of a vector potential. Yet, from a physical perspective, the unit vacuum radial fluxν ρ cannot describe a real magnetic field. A contradiction with Gauss's law for magnetism over the whole of R 3 arises by the fact that, as per Proposition III.8, its flux Φ(T 2 0 )ν ρ = Ψ R = 0 through the interior boundary of the hollow torus does not vanish. But, this surface bounds a solid toroidal volume (the part that is removed to create the hollow torus), and if a physical magnetic field were to exist in there, its flux through the boundary would vanish. In other words, the unit vacuum radial flux, although mathematically admissible as solution to the boundary value problem, is unrealisable as a magnetic field. From this physical consideration, it is concluded that the magnetic field on a hollow toroidal volume derives from a vector potential, and that the magnetic flux belongs to the subspace of exact 2-forms on HT .
Proposition III.9. The space of Neumann harmonic 1-fields Harm 1 N (HT ) is a two-dimensional vector space, spanned by the pair of basis vectors {ν ϕ , ν ϑ } called the unit vacuum poloidal and toroidal fields, defined uniquely (up to signs) by the following properties. Letting indices i, j ∈ {ϕ, ϑ}, the basis vectors are 1. closed and co-closed, dν i = 0 and δν i = 0; 2. everywhere tangential to the boundary, nν i = 0;
4. ΓT ν ϑ = 0 and ΓP ν ϕ = 0, where Γ T ∈ [Φ(C T )] and Γ P ∈ [Φ(C P )] are closed toroidal and poloidal paths with
The unit vacuum poloidal and toroidal fields are purely geometric objects and depend smoothly on the embedding Φ.
The first two properties define any Neumann harmonic 1-field. The last condition states that Φ * ν ϑ = L P λ ϑ and Φ * ν ϕ = L T λ ϕ , where L P = ΓP ν ϑ and L T = ΓT ν ϕ . The Hodge star of Neumann harmonic 1-fields are Dirichlet 2-fields. We list the pullbacks Φ * ⋆ν ϑ = Ψ P σ ϕ +κ ϑ σ ϑ and Φ * ⋆ν ϕ = κ ϕ σ ϕ + Ψ T σ ϑ . The orthogonality condition ensures that
which implies that ΣT ⋆ν ϕ = κ ϕ = 0 and ΣP ⋆ν ϕ = κ ϑ = 0 where Σ P ∈ [Φ(S P )] is a poloidal cut and Σ T ∈ [Φ(S T )] is a toroidal annulus (or ribbon) with
where Ψ P = ΣT ⋆ν ϑ and Ψ T = ΣP ⋆ν ϕ , sets the normalisation with respect to the manifold's metric.
Proposition III.10. All 1-forms A ∈ L 2 Ω 1 (HT ) can be orthogonally decomposed as
is a harmonic function such that ∆h = 0, and ν ϕ and ν ϑ are the unit vacuum toroidal and poloidal fields respectively which span the space of Neumann harmonic fields Harm 1 N (HT ). The projection coefficients are c ϕ = (A, ν ϕ ) and c ϑ = (A, ν ϑ ).
Proof. The decomposition of 1-forms on HT immediately follows from HFMD and proposition III.9.
Theorem III.3 (Minimal gauge on a hollow torus).
Let B = dA = 0 be an exact 2-form on HT . The potential 1-form A can be chosen uniquely to be minimal in terms of its L 2 -norm by requiring that it be co-closed δA = 0, tangential nA = 0 and whirl-free, i.e. (A, ν ϕ ) = 0 and (A, ν ϑ ) = 0. In this gauge, A carries the minimal amount of physical information about B.
Proof. The proof is essentially the same as for theorem III.3. By proposition III.10, A = δβ + df D + dh + c ϑ ν ϑ + c ϕ ν ϕ . By orthogonality of the decomposition, the L 2 -norm squared of A is the sum of positive quantities Proof.
Then, recalling equation (12),
where J = 0 1 −1 0 . The first step, where HT is re-
for the purpose of integration over the whole volume, is justified by the assumption that Φ preserves orientation with respect to the standard volume form on R 3 .
The independence of this result on the embedding is highlighted by the following construction. Let Φ 1 and Φ 2 be two embeddings of the hollow torus describing the same manifold HT , namely the images
: HT → HT induces the mapping A : H 1 (HT, Z) ∼ = Z 2 → H 1 (HT ) ∼ = Z 2 on the first homology with integer coefficients such that toroidal and poloidal paths (generators) may be related by
The inverse of the matrix A ∈ GL(2, Z) is induced by the diffeomorphism Φ 2 • Φ −1 1 so that A −1 ∈ GL(2, Z) must also have integer coefficients. This is possible if and only if det(A) = det(A −1 ) = ±1. Indeed, 1 = det(AA −1 ) = det(A) det(A −1 ) where det(A) ∈ Z and det(A −1 ) ∈ Z. We note that in 2-dimension A T JA = det(A)J, so that det(A) = ±1 is equivalent to A being (pseudo)-symplectic. A negative sign indicates here a reversal of the "handedness" or intersection number of the bases.
. The two dual bases are then related by
On similar grounds, the first relative homology bases must be related by [ T in the same way as for the first absolute cohomology bases, up to the sign conveyed by B. We have
.
By duality, generators of second relative homology
) are top forms on HT , related to one another by the factor det(A)B = ±1. The orientation of both top forms must be compatible with the standard volume form in R 3 as per our global assumption on the embeddings. This implies that the mutual orientation of the embeddings' top forms must be preserved, and so det(A)B = 1. Interestingly, it is still possible for the intersection number of the first homology bases to differ, together with an exchange of inner and outer boundaries.
It would be straightforward to make the above formula completely general by including information about the manifold's orientation.
Given a closed 1-form s ∈ H 1 dR (HT ) and a closed Dirichlet 2-form B ∈ H 2 dR (HT, ∂HT ) as above, let l 1,2
ϕ,ϑ = Φ 1,2 (ST,P ) B be the projections on the first and second cohomology bases. It is then clear that these coefficients are related in the same way that the homology bases are, namely
We now verify that the factorisation result of Theorem III.4 is independent of the embedding by computing
This result is reminiscent of Riemann's bilinear relations for compact Riemann surfaces of genus g, where g = 1 in our case.
IV. MAGNETIC HELICITY ON TOROIDAL VOLUMES
Assuming the magnetic flux B to be an exact 2-form B = dA, we define the magnetic helicity density as the top form on M H(A) := A ∧ dA.
It can either be seen as a property derived from the potential 1-form or, a fundamental gauge-dependent quantity related to the magnetic field. On a solid toroidal volume, this expression is well-defined for all closed 2-forms, as per proposition III.1. On a hollow torus, not all closed 2-forms are exact so that the notion of magnetic helicity only makes sense on the subspace of exact 2-forms. The definition of magnetic helicity density does not depend on the Riemannian metric, but can be written as the dot-product between the magnetic field and the vector potential, H(A) = A · B µ where µ is the natural volume form on M . The integral of the helicity density over the entire manifold is called the total helicity
The total helicity is important because it is one of several conserved quantities under ideal MHD motion called Casimirs [13] [14] [15] . The total helicity is interpreted as the degree of knottedness of magnetic field-lines [3] [4] [5] , which can be seen as a topological invariant. In a system with finite resistivity, energy dissipation is more rapid than the decay of total helicity 16 . Taylor-relaxed states are critical solutions (within the same gauge) of the energy functional
2 µ subject to the constraint of fixed total helicity.
It is clear that the helicity density is a gauge-dependent quantity. If A ′ and A yield the same magnetic flux B = dA ′ = dA, their difference is a closed 1-form s := A ′ − A, ds = 0. Then, the change in helicity density is H(A ′ ) − H(A) = s∧B and the total helicity differs by the integral
On a manifold without boundary, the total helicity is gauge-invariant by Stokes' theorem since
On a manifold with boundary, the total helicity is a boundary term that can generally be altered by the gauge.
On a solid toroidal volume, HFMD of a closed 1-form
dB for any smooth function f , the change in total helicity consists of two terms
where the surface integral involving f D vanishes due to the Dirichlet boundary condition. On a hollow toroidal volume, s = df D + dh s + c ϑ ν ϑ + c ϕ ν ϕ with c ϑ = (s, ν ϑ ) and c ϕ = (s, ν ϕ ). By a similar argument, the difference in total helicity is decomposed as
B). (18)
A. Perfectly conducting boundary on a solid toroidal volume
In the special case where the magnetic field is everywhere tangential to the boundary of the solid toroidal volume, B ·n = 0, the magnetic flux B is a closed Dirichlet 2-form, dB = 0 and tB = 0. Then, the first term in equation (17) vanishes and Theorem III.2 greatly simplifies the computation of the second. Such boundary condition on the magnetic field is known as the perfectly or ideally conducting boundary. It is often assumed in tokamak and stellarator physics, and describes flux tubes as regions bounded by magnetic surfaces, for example in solar flare dynamics. By virtue of Theorem III.2, the total magnetic helicity can be evaluated as the product of the integral of the gauge function over any closed toroidal path Γ T ∈ [Φ(C T )] ∈ H 1 (ST ) times the flux of the magnetic field through any poloidal cross-section
Remark. It is sufficient for two vector potentials to agree along a single closed toroidal path to yield the same value of total magnetic helicity. This condition is for example met in the context of toroidal magnetic confinement, such as tokamaks and stellarators, when the vector potential is considered to vanish on the so-called magnetic axis. This convenient choice is adopted by several magnetostatics codes 1,2 , for which the values of total magnetic helicity can be compared directly (provided that the magnetic fields are tangential to the same boundary, and the magnetic axes coincide in real space).
By rearranging the terms in the above equation, one can define a gauge-invariant or relative total helicity,
The relative total helicity does not depend on the choice of gauge,
, but may depend on the closed toroidal path Γ T . The latter must be the same when comparing two such quantities, which means that the reference poloidal flux must coincide. Restricting to toroidal paths Γ T that lie on the boundary of the solid torus, the loop integral of A is independent of the specific choice of path. Indeed, by Stokes' theorem, the difference equates to a surface integral of tB which vanishes due to the perfectly conducting boundary. In this case, the relative helicity reads
where Ψ ext P corresponds physically to the external poloidal flux through the hole of the solid torus and Ψ T = ΣP B is the magnetic field's flux through the solid torus (toroidal flux). This expression coincides with the usual relative helicity formula 7, 9 . The main advantage of our derivation is that we only need to focus on the topology of the domain and how it affects the space of solutions to the boundary value problem B = dA. This step can be performed at the coarser homological level rather than via direct computation. Nothing needs to be assumed about the solution on the complement of the manifold (outside the domain); Hodge theory takes care of existence, uniqueness and regularity. Demonstrating these formulae in local coordinate would be extremely tedious depending on how the specific embedding affects the Riemannian metric; the coordinate-free notation is compact and general. Another advantage is that the use of so-called multi-valued functions is avoided altogether and Stokes' theorem remains unconditionally true. There is also no need to split the domain into simply-connected components, nor to isolate the "vacuum components" of each field. Finally, the same strategy can be repeated to generalise the relative total helicity formula over to more complicated domains.
B. Perfectly conducting boundary on a hollow toroidal volume
A similar formula for the relative helicity can be derived in the special case where the magnetic field is everywhere tangential to the boundary of the hollow torus, namely when B · n = 0 on the exterior and interior tori. By proposition III.8.1, the magnetic flux (as a closed Dirichlet 2-form dB = 0 and tB = 0) is exact B = dA, and the total helicity of the magnetic field is well-defined by the functional of the potential 1-form, H[A] = A ∧ dA. Furthermore, theorem III.4 applies and the effect of gauge can be computed by the following combination of loop and surface integrals
are closed toroidal and poloidal paths such that
] is a poloidal cut and Σ T ∈ [Φ(S T )] a toroidal annulus (or ribbon) with
This suggests the following definition of relative helicity for a perfectly conducting hollow toroidal volume
This expression is gauge-invariant, K r [A ′ ; Γ T , Γ P ] − K r [A; Γ T , Γ P ] = 0, but depends on the choice of paths Γ T and Γ P . The relative helicity becomes independent of the specific path choice by restricting Γ T and Γ P to lie on the boundary of the hollow torus. The most natural choice among four possible combinations is to assign toroidal loops Γ T to the exterior boundary torus and poloidal loops Γ P to the interior. Specifically, one computes
where Ψ ext P is the exterior poloidal magnetic flux through the torus' "major hole", Ψ ext T is the exterior toroidal magnetic flux through the "minor hole" (hollowed section), and Ψ T = ΣT B and Ψ P = ΣP B are respectively the toroidal and poloidal magnetic fluxes within the hollow torus. Expression (24) is a useful generalisation of the usual relative helicity formulae 7,9 applicable to multiregion calculations of MHD equilibria 2 .
V. CONCLUSION
Elements of Hodge theory and de Rham cohomology were introduced to formally address the effect of gauge freedom in magnetostatics problems. The Hodge-Morrey and Friedrichs decomposition theorems of k-forms on compact manifolds with boundary were applied to the representation problem of magnetic fluxes (2-forms) via potential 1-forms on three-dimensional toroidal volumes. This coordinate-free and general method for solving boundary value problems identifies the various components in terms of boundary conditions and kernels of the exterior derivative and codifferential operator. This is a useful step to establish well-posedness and uniqueness of solutions 17 . We also highlighted the fact that, when the domain's homology is non-trivial, one needs to account for the important components belonging to the subspace of harmonic fields. This remarkable subspace is actually finite dimensional and can be characterised entirely by homological methods; the geometry (metric) does not interfere with the global (integral) properties of its constituents. The homology groups of two domains commonly used in the context of fusion plasmas were classified. All closed 2-forms are exact on a solid toroidal volume and we saw that all physical magnetic fluxes must be exact on a hollow toroidal volume. In solid toroidal volumes, harmonic one-fields are spanned by the unique (up to sign) unit toroidal vacuum field. In axisymmetric devices (tokamaks), this 1-form is simply a multiple of the gradient of the toroidal angle, which corresponds physically to the 1/R vacuum field from the toroidal field coils. In stellarators, this 1-form is the only three-dimensional toroidal vacuum field that aligns with the boundary (last-closed flux-surface). As a vector field, the field-lines of the unit toroidal vacuum field within the domain can be extremely complex. From the perspective of stellarator design, the unit toroidal vacuum field is precisely the target configuration that is being optimised [18] [19] [20] . Questions about integral submanifolds (nested flux-surfaces), foliations, etc. naturally follow and would be important to investigate on similar grounds. This paper provided a framework to distinguish the physically relevant potential 1-form from the superfluous components, leading to gauge-freedom. The requirements for a minimal gauge were listed, namely that the vector potential be divergence-free, tangential and orthogonal to the space of harmonic fields. While the first condition is well-known to correspond to the Coulomb gauge, the remaining two -specific to the domain having a boundary and a non-trivial homology -were shown to be equally important. In fact, if any of these conditions are broken, the L 2 -norm of the vector potential could be made arbitrary.
Theorems III.2 and III.4 showed the remarkable splitting of the volume integral of the wedge product between a closed 1-form and a closed Dirichlet 2-form into a product (or a combination of products) of the line-integral of the former and the surface-integral of the latter. These results were essential in deriving relative total helicity formulae for the case of perfectly conducting boundary conditions. With these expressions, the value of the rela-tive helicity does not depend on the choice of gauge and can be safely compared with that of another configuration. The derivation highlighted the homological origins of the well-established formulae 6, 8, 9 and provided a formal justification for them.
The approach of this paper may help assess the effect of homology and gauge-freedom in different applications such as the formation of eddy current formation in conducting material, magnetic levitation, Taylor-relaxed states, dynamo effect, solar flares, magnetic reconnection, etc.
L 2 -decomposition theorems on manifolds with boundary
Now, making use of a Riemannian metric on M , we describe the Hodge-Friedrichs-Morrey decomposition. HFMD is a generalisation of the classical Helmoltz decomposition theorem 22 in R 3 , and is a remarkable result on the splitting of the infinite-dimensional Hilbert space L 2 Ω k (M ) into a sum of orthogonal subspaces. HFMD is actually the result of the Hodge-Morrey decomposition 23 (HMD) together with the Friedrichs decomposition 24 (FD), which we briefly discuss. The HMD theorem says that L 2 Ω k (M ) is the directsum of exact Dirichlet k-forms, co-exact Neumann kforms and so-called harmonic k-fields (no boundary conditions). Reciting Schwarz 17 , Theorem 2.4.2, the conclusion of the HMD is that the Hilbert space of square integrable k-forms on a compact orientable manifold with boundary splits into the direct sum
is the space of exact k-forms produced by the exterior derivative of any k − 1-form with vanishing tangential component (E 0 (M ) := {0}),
is the space of co-exact k-forms produced by the codifferential of any k+1 form with vanishing normal component (C n (M ) := {0}),
is the space of harmonic k-fields. Notice that being a harmonic k-field is more restrictive than being a harmonic k-form; dλ = 0 and δλ = 0 implies that ∆λ = (dδ + δd)λ = 0, but the converse is in general not true on manifolds with non-empty boundary. It is worth mentioning that the spaces E k (M ) and C k (M ) are closed in the L 2 -topology (see Schwarz 17 , Lemma 2.4.3). The FD theorem says that the space of harmonic fields on a compact manifold with boundary can be further split into two orthogonal subspaces. This can be done in two ways (Schwarz 17 , Theorem 2.4.8), is the space of exact harmonic fields. Dirichlet and Neumann harmonic fields are smooth (see Schwarz 17 , Theorem 2.2.6 and 2.2.7).
General consequences and useful properties of Hodge theory
To illustrate the use of Hodge theory for solving boundary value problems, we list some useful consequences of this decomposition in the form of propositions with proofs.
Proposition A.1. Any k-form ω ∈ L 2 Ω k (M ) can be uniquely (here and elsewhere) written as
Harm k (M ) is closed and co-closed. The three terms dα, δβ and κ are mutually orthogonal with respect to the L 2 -inner product.
The freedom in choosing α and β, in their respective spaces, corresponds to gauge-freedom in the wider context of k-forms.
Proof. This is a direct application of the HMD, equation (A10). Orthogonality is shown via Green's formula, The following is an explicit reading of Schwarz 17 , Corollary 2.4.9.
Proposition A.4 (Helmoltz decomposition). Any kform ω ∈ L 2 Ω k (M ) can be orthogonally decomposed into an exact k-form and a co-closed Neumann k-form,
with (dη, ρ) = 0.
By duality, that same k-form can be orthogonally decomposed into a co-exact k-form and a closed Dirichlet k-form,
with (δσ, τ ) = 0.
Proof. By HMD, ω = dα + δβ + κ as in Proposition A. 
